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Adaptive systems and their applications, especialy in intelligent control, have attracted a lot of attention.
Many paradigms and approaches have been proposed, most of them rely on analytical techniquesthat could
be understood only by those mathematically gifted. Lyapunov based (including the now popular integrator
back-stepping) and estimation based schemes used commonly in adaptive control are very good examples
under this category. In this paper, we advance a new paradigm that we call the building block approach for
Nonlinear and Adaptive Systems Design, and its application to a specific example from adaptive control.
This approach minimizes the need for complex analytical techniques (or moves the complexity away from
a macro or global level to a micro or local level) in analyzing and or designing such systems, and more
importantly, gives us the ability to concentrate more on what we can achieve from such complex systems.
We will first discuss the approach from a general perspective for Nonlinear and Adaptive systems and then
discuss in detail its application to a specific problem from adaptive control. We will also provide different
family of controllers and simulation results to show the easy with which different adaptation schemes can

be arrived using this method.
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1. Introduction

In this paper, we discuss nonlinear and adaptive systems and application in adaptive control from a new
and interesting perspective. Instead of looking at such systems from the classical analytical approach
(dynamics to mathematical tools for characterization / stability testing to simulation and implementation),
we look at such systems (and in fact, al nonlinear time-varying, NLTV, or non-autonomous systems) from
an implementation (as electrical circuits) perspective. Thus, the thrust of our work is based on answers to
number fundamental questions: 1) What kind of electrical elements or building blocks are needed to build
complex NLTV circuits and what are their properties? 2) What kind of elements we need to build adaptive
systemsin particular? 3) If the process of adaptation or learning is viewed from acircuits perspective, what
is the circuit realization of this problem? 4) More importantly, can we use such elements definitions,
circuits formed (on a piece of paper) from such elements, and the dynamics resulting from such circuits as
templates for further design, something similar to reverse engineering? The answers to these questions
provide an elegant framework to handle the design of many systems in the nonlinear and time-varying
domain. In this paper, we apply it to adaptive control. The new paradigm is shownin Fig. 1. As can be seen
from the figure, it is a bottom-up approach for system design, where we start with the elements (in fact,
their 1/0O mappings) and proceed to form circuits and the dynamics in terms of the I/O mappings of the
elements. Such generic eguations with the appropriate conditions are then used in real-world applications.
For example, we can use the method proposed here to design chaotic and synchronizing chaotic systems
useful in secure communication.

This new approach makes the understanding of complex nonlinear phenomena and the design of
complex NLTV systems much easier, and using this simple approach we can teach undergraduate students
NLTV systems very easily, as this author has been doing for a number of years. We recognize that certain
macro level properties of electrical circuits such as passivity and positive real (PR) functions have long
been used in areas such as /O stability, hyper-stability and positivity applied to model reference adaptive
system design, and dissipative system concepts based on energy and Lagrangian and Hamiltonian
equations. Here we work at a micro or element level that provides us the flexibility to tailor the circuit / the
dynamics to the application of interest. Further, our method is similar to reverse engineering where we try
to make a new system by studying the product from a competitor, except that we are not breaking any laws
here. We learn from electrical circuits (formed on a piece of paper) and use that knowledge to design
electrical aswell as non-electrical systems for various applications. One such application is discussed in the

following sections.
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Figure 1. A new paradigm for nonlinear (autonomous & non-autonomous) dynamic systems design.



2. Nonlinear and Time-varying Circuit Elements:

In this section, we will briefly discuss the modelsfor some NLTV electrical elementsfor building complex
NLTV circuits®. The models will be arrived looking at physical realizability. Let us first consider the case
of aNLTV resistor, asimple static device. We can write two generic models, one as current controlled, and
another as voltage controlled.

v[ta]=vg(t).ag or i[t,b]=igv(t). by (1)
Here the parameters a and b are used to lump the effects of the various physical phenomena that are

assumed to change as a function of time. We can obtain different subcategories of NLTV resistors by
looking at some possible realizations. For example, a separable passive LTV model can be obtained from a
rheostat as:

vt.ta] =Rg@ (t)gi(t) with 0<Ry, < R[t] < Ryex 2
where R[a] represents the time varying resistance and points to a resistor that is passive and consumes

some minimum amount of power at any given time. We can make it nonlinear by letting the current to
voltage relationship nonlinear. For example, we can have separable and non-separable passive NLTV
resistor models:

v (t).ag=R[a]i*(1) 3

vg (1).ag=i(){i2(1)+2i(t)sin(t) +3 4

From the examples, we can note that vg(t)=0,af=0 for al values of a and vg(t),ag>0 for
i(t)>0and vg(t),ag<0 for i(t) <0 for passiveresistors. The characteristics will bein the second and

fourth quadrants of the v(t) Vs i (t) plane for negative resistors and can be in any quadrant for non-

passive resistors. Also, note that the mappings can be many to one and hence we need to maintain the input
and output designations. The type of resistors, current-controlled or voltage-controlled, that we use in a
circuit will depend on the reactive elements and the type of connection. We will discuss this issue when we
deal with reactive elements.

ANLTYV gyrator isastatic M-port (M 2) element with the I/O relationship (given below for M = 2):

! Concepts such as power and energy are unique to the analog world. Hence, the analog or continuous-
domain modeling is used here basically to arrive a the proper 1/O mappings of various devices.
Implementation of such devices and circuits is not an easy task as can be seen from the experience of
researchers who worked on analog computers. Luckily, digital implementation has become the preferred
mechanism for most applications, and that is what we propose here. We will derive the required dynamics
in the analog domain, and transform it to the digital domain using proper A/D transformations. We can also
preserve the basic properties such as lossless more easily in the digital domain even when finite precision
arithmetic is used.
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Here, R [x, b] is the resistive matrix of the gyrator and is a function of time as well as the state vector x.
Note thatR[x, b] + R'[x, b] =0, which makes the power consumed by the gyrator zero al the time. That

is, a NLTV gyrator is alossless static multi-port device with a skew-symmetric resistor matrix R[x, b] .

Once again by proper choice of the matrix elements, we can arrive at specific classes of LTV, NLTI,
separable, and non-separable models. The elements of the resistor matrix could be selected based on the
application and normally be bounded for finite values of the state.

NLTV Inductors: We can visualizeaNLTV inductor by considering its realization and | etting some of the
parameters associated with the realization vary as a function of time subject to some physical constraints.

For modeling purposes, we can lump the effects of the change in various parameters into a single

parametera . We can have a current-controlled inductor, f (t)=f g, (t),a, or a flux-controlled

inductor, i (t) =i g (t).ap. In either case, we recognize that a any given time instance, the NLTV
inductor represents a NLTI inductor, and hence has to have al the properties of a inductor such as
losslessness, energy storage and return (memory property). Hence considering a current controlled NLTV
inductor, with for example f |, = 0 asthe relaxation point (the value at which there is no energy left in the
inductor), we get:

E.[fL=0,a]=0 and E_[f_ * 0,a]>0 for @l a (6a)

EwlfL]£EL[fL.a] £ EL[fL] (6b)
where E, | [f L] ad E [f L] are two positive definite functions of the variable f| . We arrive at the first

constraint because no flux implies no stored energy regardless of what values the physical parameters take.
The second constraint follows from the definition of stored energy. The third condition says the energy
function of a NLTV inductor must be a locally positive definite and a decrescent function?. That is, the
stored energy has to be bounded by some positive definite functions of the flux alone and follows from the

fact that as the values of the parameters are bounded, and for any fixed value of a or timet, the device
represents an inductor with bounded energy for bounded f | . From the energy expression, we can obtain an

expresson for the power (entering the element) as p_;,=dE /dt and the current as

i (t)=dE_[f,,a]/df _ . Similar to the case of resistors, we can obtain LTV, NLTI, separable, and non-

separable models. Some examples are:

2 Wecan let EL[fL,a]® ¥ as|f |® ¥ asinthecaseof LTI inductors so that we can talk of the
propertiesin aglobal sense.



Separable Linear time-varying inductor:
.80 (0). (0= (s ()1 £(0):
p_in = 2(1+sin? (1)) £ (1) * (4 (1) +05f (t)sin(2t)) (7)
B (t) ®F Vi Vi v mechanism®|
where f (t) =v__q,, isthe voltage resuiting due to changing flux and V. 1 yeaanism = 0.5 (t)sin(t)

isthe voltage that results dues to the time-varying mechanism when the flux is constant.
Separable Nonlinear TV inductor:

E g (t).a (tg= (1+sin?(t))f (1)
pL_in = 4(1+sin® (1))f (1) (1) +05t  (t)sin(21)) 8
(1) = 4(2+sin (1)) 2(1)

Non-separable NLTV inductor with relaxation pointsatf |, = 0.

ELg ()2 (O§=12(r 2 2f sin(2)+2) =1 2{(f, - sn(20))” +1+cod(21)
=f2f(f t); f(Ft)>0foralft (9)
2f Zcos(2t) 0
ffot) 5
We can have multiple relaxation pointsif consider NLTI inductors. For example, we can have:
E g ()g=025(12- 1)
pLin = Fu(F2- 1)1 = g L (OB (1)

which implies we have a many to one flux to current mapping i, g (t)H It appears we cannot define such

P in=2f f (f L-t)g‘?&L'
(10)

an element in the NLTV case and hence the NLTV elements should be restricted to one to one (invertible)
mapping. Finaly, it should be pointed out that when a NLTV resistor is connected in series with an
inductor, we need to make the resistor current controlled to ensure the solvability of the resulting dynamics.

A time-varying capacitor, being the dual of an inductor, can be defined in a similar manner. We
can also defineideal NLTV transformers (similar to ideal LTI transformers) and NLTV mutual or multi-port

inductors and capacitors. We will omit the details here. Ref. [5] contains additional information.

3. NLTV Electrical Circuits, Dynamics, and Resulting Responses

We can form various circuits from the building blocks defined in the previous section and obtain the
general form of NLTV dynamics from the circuits. It should be clear that the dynamics will have nonlinear
and time-varying terms that represent the mappings of valid electrical elements. By varying the mappings
within the allowed domain for each of the elements, we can obtain all possible NLTV dynamics belonging

to a particular family. Note that the reactive elements still play the role of energy storage and return



(lossless, memory devices), but the energy envelope will be more complex than just the bowel shaped
energy curve of LTI memory elements. Further, they can have multiple relaxation or zero energy points and
local minima and maxima points. The relaxation points and the points of local minima of the energy
become the equilibrium points of the dynamics. The sum of the energy in al the reactive elements in the
circuit is one good Lyapunov function. The total energy function resulting from the use of only single-port
inductors and or capacitors will be a separable function of the state variables. The use of mutual or multi-
port inductors will lead to non-separable energy functions. The lossless, static multi-port Elements such as
gyrators and transformers play the role of transferring power from some ports to the rest of the ports, and
hence help to shape the required response. The NLTV resistors provide the necessary mechanism to
consume power (if that is what is needed as in a stable dynamics) or could be used to consume and or
deliver power depending on the value of the independent variable (as in limit cycle oscillations or chaotic
response). We will now look at some general circuits made of specific category of elements and state the
properties of resulting dynamics/ their equilibrium points®,

Type 1 Circuits: NLTV circuits made of NLTV reactive elements, static multi-port 1ossless
elements, and resistors that are globally passive (that is, the voltage to current characteristic is confined to
the first and the third quadrant). Further, let the reactive elements have their relaxation points at the origin
only and have monotonically increasing energy storage functions with the energy becoming unbounded as
the independent variables become unbounded: b The resulting dynamics will have only one equilibrium
point at the origin which will be globally uniformly asymptotically stable (UAS). A Lyapunov function for
the dynamics will be the sum of energy stored in the various reactive elements. The derivative of the LF
along the system tragjectory will be the negative of the sum of power consumed by the resistors, and will
always be negative for globally passive resistors. The shape of the resistor characteristics determines
whether the equilibrium point is\textit { exponentially} stable or not, and if the dynamics is totally stable
(stability under persistent disturbances). Couple of simple examples will illustrate these points. Consider a

circuit with a single LTI capacitor of value 1 F, a NLTV voltage controlled resistor given by
in@vr(t). th= (1+s'n2 (t))vg(t) and a current source i¢(t) all connected in parallel. Using KCL & KVL,
and the elements’ equations, we get circuit dynamics as: ¥, (t) = - (1+sin2 (t))vg(t) +ig(t) . We can note
that this dynamics (with i (t) =0) has only one equilibrium point at the origin that is globally UAS,
However, the equilibrium point is not exponentially stable as the power consumption capacity of the
resistor becomes negligible ( pe(t) = (1+sin? (1) V& (t) = (1+sin? (t) ]V (1)) when |vg(t)] <. Similarly, i
we replace the resistor by one with a characteristic ig gvx(t), th = tanhgvg (t) the resuiting dynamics will

have the origin as the only exponentially stable equilibrium point. However, we can note that the dynamics

3 Given the complexity of NLTV eements and the circuits that can be made, it should be noted that the properties
stated here are valid from a practical or conservative design perspective. However, we can aso arrive at dynamics
which have the same properties, but pointing to a different class of circuits. As an example, we can combine a number
of non-passive resistors to come up with the characteristics of a globally passive resistor circuit.



will not be totally stable since the power absorption capacity is reduced to pg(t) =|vg(t)| = |v, (t) as

|vc(t)| >>1. These two simple examples demonstrate the power of looking at NLTV dynamics not just

from amathematical perspective but as one from a circuit made of real elements.

Type 2 Circuits: NLTV circuits made of NLTV reactive elements with multiple relaxation points
and or multiple local minimal energy points, static multi-port lossless elements, and resistors that are
globally passive: b The resulting dynamics will have multiple equilibrium points, some of which will be
localy UAS, and some will be unstable. Whether the stable equilibrium points are exponentialy and or
totally stable will depend on the resistor characteristics.

Type 3 Circuits: NLTV circuits made of NLTV reactive elements with multiple relaxation points
and or multiple local minimal energy points, static multi-port lossless elements, and resistors whose
properties change from passive to non-passive or vice versa based on the input values b The properties of
the resulting dynamics can be all over the map depending on when the resistors become passive and non-
passive. These types of circuits can be configured easily to arrive at dynamics that exhibit limit cycle and

chaotic behavior.

4. Application To Adaptive Control

Inorder to explain the underlying concept, we use a single-degree-of-freedom (SDOF) linear mass-spring-
damper trio, subjected to asimple sinusoidal disturbance F (t) (seeFig. 1(a)) consideredinref. [, 2].

Assuming linear suspension and neglecting nonlinear friction effects, the system is represented by

M &(t)+C¥(t)+ky(t) =u(t)+F,(t) @
Fy (t) = Qsin(wt)

where y(t)T j isthemassposition, M, C, kT j represent the mass quantity, damping coefficient and

spring constant, respectively, u(t)7 j denotestheinputforce, and Fq (t)7 i isthedisturbance signal

with Q, w representing its constant amplitude and frequency, respectively. For the system given by Eq. (1),

y (t) isthe only measurable signal and all the system parameters, including the amplitude and frequency of

the disturbance F (t) are considered to be unknown constants.

This second order model containing the nonlinear term sin (w t) can be made into a fourth order
linear model (in terms of the parameters) by differentiating it twice and adding that to the original equation

scaled by the factor w? . The resulting fourth order model can be written in state space form as:



K=Ax+ F[y,u]q

‘ 2
y=¢&x

where x(t)T j* isthe state vector, and matrix A is defined as

Ol 1.¢
AngM 5§°[A1M A,] ©)

with 15T 33 representing the corresponding identity matrix and the matrix A is expressed in terms of

sub-matrices associated with the known state variable x, (t) andtherest. F[y,u]T j* “isdefined as

_ &0y 50 0
Flyu=e “qu -laya 4
&lsa g

with1,T % * representing the corresponding identity matrix, e, =[1 0 0 0]'and qT ' denotes

the constant unknown parameters vector:

q=[b2 by by az a, a; ao]t

z €
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This particular state space representation is used to separate the effect of the various parameters on the

dynamics from that of the state as will become obvious later (put in the equation number). We have also

introduced a parameter b1 with a value equal to zero to introduce the input u (t) in to the dynamics

of x4 (t)

If we assume that the various parameters are known and only the state variable x, (t) © y(t) is

given and we need to estimate the other three state variables x, (t) to x,(t) , we can write ageneral form of

the estimator dynamics as:

§:fﬁ[§<,x1,u] (6)

where X isthe estimated state vector. Note that the estimator dynamics use the only known state variable

Xq (t) and the known input u (t) . Sincethisisa LTI system, we can design the estimator easily using

known analytical techniques. Let us express the dynamicsin terms of the error vector e = x- X as.

é = forr [€] = Ace (7a)



and A, isa4x4 matrix in our case. The error dynamics should have the origin as the globally stable
equilibrium point implying that for any non-zero initial error vectore (0) * [0] , e(t) ® [0] or
%(t) ® x(t) ast ® ¥ Equivalently, the polynomial given by det(sl - A,.) must bestrictly Hurwitz.

From acircuits perspective we can state that the error dynamics should correspond to a passive circuit with
reactive elements whose relaxation points (where they have no stored energy) are at the origin. Further the
energy storage capability of the reactive elements should be a monotonically increasing function of the
independent variables. For LTI circuits, the general form of such acircuit would be a n-port coupled-
inductor (alossless reactive element with memory) described by the positive definite inductance matrix L

connected to an-port static passive network with the impedance matrix Z , . Further, Z, = Zg +Z, , with

Z g asemi positive definite (PD) matrix corresponding to alossy resistor network, and Z, an anti-metric

matrix corresponding to alossless network known as gyrator. Using KVL, KCL, the elements equations
and the architecture described, we can write the dynamics of the passive circuit as*:

é=-L1Ze (7b)

We also noted above that the resulting estimator dynamics should have a particular form. That is,
it should involve only the known state variable X, . Thisimposes some constraints on the error dynamics.

From the error dynamics and the plant dynamics, we can write the estimator dynamics as:

&zﬁ(-é:Ax+F[y,u]q - Age

=[A A [l X X3 x]'+F[y.ua - [Aql Agllel e, e g
=A% - Ag(X- )?1)+F[y,u]q+Aez[)?2 Xa )24]t+[A2'Ae2][X2 X3 )(4]t
= AX+F[yula+kx,  if k=A-Agand A, =A,

(8)

That is, the sub-matrix A, should be constrained to be same as the plant sub-matrix A, and hence we

should know A, exactly. That should not be surprising since the sub-state-vector [x, X, X,]" is

* Comparing 7a and 7b, we can note that A, =- L'z p- 10 calculate the matrix pair {L , Zp} given A.,
we will assume a semi PD matrix Zp and use Kaman-Yakubovic Theorem to obtain L
from- O.5(LAe+AteL) = Zx, which should come out to be PD for any stable system matrix A,. Then we

find z, from z °Z,+Zp=- LA, . That is, once we fix Zg, the value L and hence Z, gets
automatically fixed for any given system.



unknown, we should at least know the architecture corresponding to those state variables. So, only A is
at our disposal to make the error dynamics stable. Since we are dealing with aLTI error dynamics, the

choice Ay ® - k =[-k -k, -k; -k,]' withcertainrange of valuesfor k canindeed make the error

dynamics stable, or equivalently we can obtain an estimator where X (t) ® x(t) ast ® ¥ .

We are interested here in the more complex problem of tracking control ( y(t) ® y,(t) ast ® ¥,
where y, (t) isthe desired output) while learning the parameters in an adaptive manner and keeping al the
signals bounded. If we measure all the state variables of the state vector x and x, isthe given or the

desired trajectory, we could come up with a simpler adaptive algorithm where we estimate the parameters

while forcing the plant output to track the desired output. That is not the case here. Hence we will use
additional error terms for tracking in addition to the state estimation errors g, (i =1to 4) . Let usfirst
define atracking error z(t) = y(t)- y4(t), and another error z,(t) , to be defined later as a function

of §4(t),and z,(t) ® 0 as¥(t) ® ¥,(t). Let usaso modify the estimator and the error dynamicsto

include these new error variables and write them using circuits interpretation” as:

Lé=-2Z,e-f[z,2)] (99)

ﬁ:Ae>2+F[y,u]q+ky+L'1f[zl,22] (9b)

where f[z(1t), (t)] (=[f,z+ fM,z].i=1todand fn; could be constants or functions of the various
error variables) is a suitable vector function to be defined later. This estimator still cannot be implemented
asit involves the unknown parameter-vectorq . Instead, we will implement a part of this system astwo
separate filters based respectively on the measured signal y(t) and the input u (t) . Let usfirst define X asa

function of anew vector x (t)T * and amatrix W(t)T §*7

X =X +Wg (10)

Then from the estimator dynamicsin (9b) we obtain the following dynamic equationsto calculate x (t) and

as.

wW(t):
R =A x+ky+L [z, (11d)

W= A, W+F[y,u] (11b)

® Unlike the analytical approach based on backtracking, we have included the error vector f [zl, zz] alsoto
arrive afully coupled dynamics as will become clear later.



From equations (10) and (11), we can write the state estimation error and the state in terms of these known

Vectors as:

e=x-X (129)
x =X +Wq +e (12b)
We will use the above equation for the state to arrive at the tracking / adaptation equations. Our task isto

define an augmented error vector E involving the state error vector e the tracking error variables z, z,,

the parameter error vector CY“ =q- (i (where d is the estimated parameter vector g ) and an additional
parameter error i =r - r (where r =1/b, and r istheestimateof r ) and arrive at the augmented
error dynamics using the only availableinput u (t) and simultaneous add and subtract (of the same terms)

operations. That is:
E= gzl Z, € € e3 € fh c”{”l, 7= ( ”ﬂlg 0 c”{”7)gt 1 514 (13a)
E=f[E] (13b)

The dynamics should have the origin as the globally uniformly asymptotically stable (UAS) equilibrium
point or should point to apassive (LTI to NLTV) circuit as discussed before. We will use the knowledge
derived from various passive (LTI, LTV, NLTI and NLTV) circuit architectures to solve this problem with
out resorting to complex analytical techniques such as selecting Lyapunov functions candidates, evaluating

their derivatives and so on. Since we have only oneinput at our disposal we will also have to use add /
subtract techniques. First let us consider expressing the derivative of the tracking error z(t) intermsof the

various error variables. We can start with the first two equations of the plant dynamics:
b =%- 8y (149)
X =x-ay+thu (14b)
and write (t) as:

B()=¥- ¥ = %-a3y- ¥y (15)

which should be made afunction of the error vector E. But that is not directly possible since we do not

have x, and a;, and thereis no input term to manipulate it any further. Hence we will express the state



variablesin terms of the known components x, W belonging to the state estimate. We first rewrite the

matrix W as:

W=[v, vy vy fg fp fy f{ (16)

where v, f. 1 j* arecolumn vectors. Let v;; bethei-th element of the column vector v; (similarly for

f;). We can rewrite (14a) using (11) and (16) as:

b =¥ =%-ay =Xt Wa+e; =X, +h, vy +W( +e, (1729)
where

w = [sz Vi V2 fp- Yy f fip f02] (17b)

W = [0 Vip Vi -y fn f02] (17¢)

Here we kept the variable v,, separately in the right most expressionin (17a) sinceit isavailable and from

(11b) and (16), its derivative is seen to be connected to theinput u(t) as:

¥ = - Ky Vy + Vg + U (18)
From equation (17), we can write the derivative of the tracking error as:

B =y- g =X +b v tWQ e, - Yy (19)

Still this equation is not in terms of the various augmented error variables. And we do not have an input

variable to accomplish thisin a straight forward manner. Hence we need to achieve this by introducing new
variables. Note e, = 0 and ¥, =x, +b, v,, +wq when tracking is achieved. Using the estimated

parameters, this expression could be written as:

1 n n A
B_&do r&d=v22+r(x2+wq)+ez (20)
7)



where as noted before, ' the estimate of the parameter r =1/b, and e, denotesthe error due to the use of

the estimated parameters. Now let us define
a, = rA(Xz*'VT’qA*'muzi) a =ay/r (21)
with my; aknown positive constant and wherea; can be calculated. Equation (20) becomes:

MY =Vptay-Fm z+6° vyta -z (22)

where z,° r m;;z - e, =V, +a,- I ¥4 isanew error variable that dependson ¥, and goesto zero as

tracking is achieved. Using a, inlieu of ¥, equation (19) can be rewritten as:

8 = - myz+b,z, +e, +wd (23)
Equation (23) is one of the augmented error dynamics; it is still not complete in the sense it doesn’t involve
the parameter error variable # (we will need this so asto arrive at the adaptive equation for ' aswe will
see shortly). Luckily this can be rectified by noting that b, i +1 %2 =0 and introducing a weighted value of
it in the above equation (we use - (b2 o+ I%Z) (&d - a‘l) asin the original paper though any weight could

have been used) to arrive at:

h = - rnllzl+6222+ez - bz(g’d - 51)IEA]+(W' r (% - 51)93)‘3% (24)

Thisforms our first error dynamic equation involving the augmented error vector: E. Let us put this

dynamic equation into a complete error dynamicsin the state space form as®:

& We show the complete dynamics here and useit in our further discussions on how subsequent dynamic
equations are obtained. For later discussion purposes, let us denote the vector on the LHS as LE andthe

matrix onthe RHS as - Z .
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My, G, My >0; My =by; My =-by(¥y+a,); M =w-r (¥, +a,)e

Moy = & ok My = 50, ot = mpw;

TPy TRy g, (25b)

fryy = fryy = gy = fngy = gy = fny, =05y =15 iy, = my;

¢, =g|b,|>0; L and L are PD matrices.
Let us now consider the derivative of z, .From equations (18), (21) and (22), we can writeit as:

&, =\ +ely - 1§y - '&g’d :U(t)' Ko Vg + Vg +eky - 1 8 - r&g’d (26)

Our aim isto bring this dynamics in terms of the error vector E through the use u (t) with the constraint

that u (t) should involve only terms that are available and or can be calculated. Since

a,; = al(y, Yy Xp: 00 F Vip o Vog o Faps T Fra foz)wecan write its derivative as:

3
=g Ty Mg Tag Mg, g Ty g3y

+—=Yy +—

i2 (27)
Vq fix, ﬂq " i= 01ﬂ i2 i oﬂfiz

where using (15a) the first term on the RHS can be rewritten as:

ﬂal Y= ﬂyl (Xz +wq +ez) E;l ((Wc%]"'ez)"'(WqA"'Xz)) (28)



From (26) to (28) we can separate the termsin the derivative of z, into a) the termsthat are available as

input or can be calculated, b) terms based on the error variables, and c) the termsthat are unknown:
T, (et ve,) + Tug T g, (292)
fiq

where

Ta, fla fla
b = KV - Vg +F By - 1L (wq 4x,)- 121y Torg
2V21 ™ V23 &d ﬂy ( q 2) ﬂ d &d X2 |a01ﬂ I2 i Oﬂflz

Ty, &1y, (o)

can be calculated. Note &, involves #=-# and q& = cf“ which are still unknown. Using our knowledge

of circuit architectures we can simultaneously and very easily solve for # and q& and &, . For this purpose,

we are going to identify the augmented error vector E with the current through single-port and multi-port
inductive elements’. Then the terms on the LHS of equation (23a) involving weighted derivatives of the
error vector could beidentified with the voltages across various ports of those inductive elements. The

weights need to be positive or positive definite (in the case of multi-port inductive elements). Then the
square matrix on the RHS of equation (25a) should correspond to the negative of the impedance matrix Z D
of aLTl or LTV or NLTI or NLTV static, passive multi-port network. Inits simplest form, Z p couldbea

sum of adiagonal matrix with terms that are always positive and an anti-metric matrix. Let us assume such

acircuit-architecture and first look at the plant error dynamics (equation 9a or the four equationsin 25a).

They are not functions of f or ¢ making the matrix elements 2 (i =3to6 and j=7to 14) Zero.

That in turn means # and q@ equations should have zeros (2 = O) in the matrix positions

pij
i=7to14 and j=3to 6 corresponding to the plant error vector e . Further, the equations for # and

8 . . . — .
g cannotinvolve # or c% since those parameters are not available to us. Hence we will fill the matrix

with zeros corresponding to those varigbles z,; (i=7to14 and j =7 to 14) . Theequation for & also

fixes some of the termsin the matrix Z p asshownin (25b). Thus we end up with the following possibility

for the remaining unknown dynamics from a purely circuits perspective as.

6
Gl =-Myz-Myz,+Q My €, +My +ﬁ‘2¢¥ﬂ (309)
=3

7 Thevariables z, z,, f will be associated with one-port elements and the vectors e and ¢ with multi-
port elements.



07% =-My4-My 2, = bz(g’d "’51)21' my 2, (30b)

— & _ _
C§67'1:'Lq7'1:'m}21'mgzz (30c)

i

where again the equation for ($ has been written using the property of Zp .Note m,, my;, m, arefixed
based on £ , and westill need tofix ¢ (> 0), m; (my, 3 0), M, The equation for # involves b, that is
not available. The need for that term could be avoided if welet ¢; = g|b,| (g > 0), make the mild

assumption that the sign of b, isknown, and m,; = 0.Then the dynamics for = - & reducesto:

f=- ¢ :sgn[bz](&d +51) 21/9 (319)

which can be implemented. Equating the expression for &, obtained from the plant (27) with that from

circuit considerations (30a) along with the equations for q& and # (30c and 31) and noting that the input

variable u (t) cannot include the unknown variables & toe,,r, (ﬂ“ , we get the following solution:

Mp3 = Mps = Mg =My; =0 n”h4—‘32_ﬂ m, = Cz—ﬂalW;
Ty Ty (32)
my 1& ‘ﬂal & ﬂal.&
b- LA
() c, 4 c, o+ Yy - ‘ﬂq T

From (30) to (32) and based on the known property of the matrix Z p» wecanfix thevaluesof fn; inthe

plant error dynamics as.

fry, = gy = gy = fng, = Ty = TNy, = 0; iy =1 fnyy = my; (33)
leading to the total error dynamics as shown in equation (25).

Itisvery easy to show that the augmented error dynamics has the origin as the globally UAS

equilibrium point using circuit interpretations. As noted before the error vector E would be associated with

the currents in the various inductors (or a single multi-port inductor). The vector LE (with L the mutual

inductance and a positive definite matrix) on the LHS of equation (25) corresponds to the voltage across

that inductor. The inductor has no stored energy or in a state of relaxation at the origin. The passive

network represented by the impedance matrix Z p canonly consume power and there isno other energy

8 The positive values are necessary since those terms will be associated with the values of the inductors.



source in the circuit representation. Therefore the error vector will goto theoriginas t ® ¥ from any

initial value. In fact, we can write from circuit considerations one Lyapunov function (the true stored

energy function) and its derivative (asthe negative of the power consumed by the various resistors) as:

V=05E'LE3 0

Oon

2 (34)

— t 5 — 2
dV/dt'systrajectory_ -E ZDE_- My 2z -My2 - a Zji el £0
i=1

In fact, by considering various circuit elements (LTI to NLTV) and the dynamics from circuits made from
such elements along with proper attention to the constraints imposed by the particular application, we can
arrive easily at numerous complex solutions that would be very difficult if not impossible to arrive at using
the analytical approach. In this particular application, we need the origin to be a globally UAS equilibrium
point under the constraint that many of the state variables are not available. One general form of the

dynamics that include a new dynamic control variable z(t), similar to the integrator back-stepping

approach, would be of the form:

§ CZ[E-]ﬁZ E g " "2 ° ! 0 0 M7 (M7 m.1.8[E]u |R1ezlu
&4 H'é'ﬂ g "My oMy 0o my, 0 0 0 (M) - ”‘ZS[E]ﬂéRZ o Ig
éoi_l Ple g ° O Zm 2 s fpa O O -
gaj:ll'zjélﬂ ¢ -1 "Moa Zpp1 “Zpp2 Zp3 tZpa 0 Oy 6 4 el u
ga41lgj¢g=¢ O 0 -Zyy Zgm Zpm Zgs O Oy 0 G ez ¢
%L}=1L4Jé13 : ° N T A L S
g 07[E]ﬁ6 3 g'mn 0 0 0 0 0 0 0 7 0 Eg ,z/ﬂ 3
SL[E]cfﬁ7 14 é(_t 17 (M7 0rq 0pq Oprqy Oy Opy  Ops 0 :e cftz] 3
¢ g § 6 mslEl mplEl 0 0 0 0 00 mggf RO

(35)
In the above equation, using circuits’ interpretations we have introduced a number of termsthat are
functions of the error vector E. Termssuch as c; [E] have to be positive valued and bounded, L [ E] aTv
bounded PD matriX, ig; gz i H represents a resistor mapping (confined to the first- and the third-quadrant
and passes through the origin) and m; [E] any real function. We can further constrain their values based on

how the dynamics should behave. For example, we can use m, g [E] to maketheinput u(t) bounded.

From the above equation, it should be clear how powerful the method is.



Simulations:

1) First, thesmple model:
Assume various constants, y, asgiveninRef. {1, 2]. Assumethek vector given for the error dynamics

and find L and Zp from steps given below equation (7).
Ao =-LZ, obtanL from (LA, +ALL) =- 22,
Z, isfoundfrom z , =- L A,.

Assume nonzero initial valuesfor all paramter estimates. assume all other dynamic values zero for the first
round

Find  z(t) = y(t)- yq(t)

a; =f (X2+Wd+mu 21) s a =ay/r (21)
_ _ _ —n- _ fa,. - _ Ta,
= = = =0; =-C— =-C—W
My3 = Mhg = Mpg = My7 My G Ty m, G Ty
_ m, m, & fla, &
u(ty=b-—R2z--22z +fy +1q
() G Z) 5 Z d 19

Z=Vyp-as- T ¥y

Then put the plant dynamics (2 state space equations,
M &(t)+C ¥ (t)+ky(t) =u(t)+F,(t)
Fy (t) = Qsin(wt)

the calculatable part of the dynamics (another 4 plus 7x8 for atotal of 60 state equations)

(1)

®=A x+ky-L[z,32)] (11a)
W= A W+F[y,u] (11b)
Eight parameter update equations derived from equation (25a)
# = - snfb,] (% +ay) 2./ (31)
Cdy=-mz-mz (300

for atotal of 70 state equations)

Y ou might also include the total error dynamics (14 equations in equation 25a) into this dynamics
(total of 84 state equations) and put them in asingle ODEA45 function call. Y ou would be including the

augmented error dynamics 25ajust to make sure that it works the way it is supposed to do — error goes



to zero astime increases but you should not be using any state values from the error in any other

equations.

If 1 write the program, | will define all variable and vectors as defined in the paper (using same names
etc.) and calculate the values as given by the various equations (even if it becomes computationally
inefficient). For example, all the state variables would come as asingle vector from ODEA45; pull them
out separately to form x (the plant state values; 2 elements), x (4 variables), W (4 x 7 matrix) etc.
Thisway, if thereis any mistake, it would be easy to fix the error or modify the equations (if thereis

any error in their formulation).

Simulation Results:
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The tracking error
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2. Modified adaptive equations:

Assume some nonlinear and TV mappings as given in (35) (with out z(t)), derive the new set of equations
and repesat step # 1.

3. Bounded input Modd!:

We will introduce the new state variable z(t). Derive the new set of equations, use mZS[ E] to control

the input magnitude and use the same value in adapting z(t). And simulate the system again.



